Abstract-Motivated by finding locomotion primitives for a legged robot, we present eontrollability results and a technique for kinematic reduction for a variable inertia mechanical system. We demonstrate configuration controllability for the system under consideration and use the symmetry resulting from angular momentum conservation to develop a kinematic representation of the mechanical system. We also show through simulation how plans for the kinematic representation can be implemented on the full dynamical mechanical system. Our hope is that this technique will lead us to a general procedure for solving the gait synthesis problem.
I. INTRODUCTION
Planning for mechanical systems can be difficult, since such systems typically have velocity dependent drift vector fields and input controls which are generalized forces (comparable to acceleration inputs).
In contrast, planning for kinematic systems is easier, since they do not have drift vector fields and have input controls which are velocities [8] [9] . Thus, if a mechanical system can be reduced to a kinematic system, then we may be able to plan the motion for the kinematic system and cause the mechanical system to track those velocity inputs through careful use of the force inputs. Unfonunately, shon of directly integrating the equations of motion for the system (a difficult process), no systematic procedure for finding such a kinematic reduction exists. This paper presents controllability results [I21 and a technique for kinematic reduction [I 1][7] using the system's symmetry for a simple mechanical system called the Yaw model (see Fig. I ).
The Yaw model is a simplification of Rocking and Rolling Robot (RRRobot) (see Fig. 2 ), a high-centered robot that locomotes using the dynamic effect of swinging its legs; this locomotion, termed legless locotnotion [2] [3], is a result of the interaction between RRRobot body attitude oscillations and the nonholonomic contact constraints. In [4], we presented three leg motion pattems, or gaits, that locomote RRRobot in different directions in the plane and also studied simplified models where the effect of the contact constraints on the body rotational dynamics analysis is ignored. But the general problem of finding a systematic technique for choosing gaits that induce controlled body rotations remains open: that is, given a goal RRRobot attitude trajectoly, we do not have a procedure for finding leg trajectories that generate arbitrary desired body rotations. To understand the relationship between RRRobot body rotations and leg motions, we consider simplified models such as the Yaw model where we can study the relationship between leg motions and specific body rotational freedoms (see [3] and [4] for other simplified models). This paper relates body yaw to specific gaits and presents a path planning procedure for the Yaw model. Understanding these simple models may help find a path planning strategy for RRRobot.
The Yaw model has three degrees of freedomthe body is free to rotate about the yaw axis, and each massless leg has a single-actuated hip joint and a point mass at its distal end. An imponant aspect of the Yaw model is that its inertia about the yaw axis changes with leg configuration, but is invariant to yaw rotations. In Balasubramanian et al. [2] [3], we show how cyclic interleaved leg motions exploit the variable yaw inertia to produce net yaw, After presenting some background material in '", . . . Section 11, we discuss controllability for the Yaw model and present a kinematic representation of the Yaw model in Section 111. In Section IV, we show through simulation how plans for the kinematic representation can be implemented on the mechanical system.
BACKGROUND
We will formulate the kinematic reduction problem using affine connections, and this section provides the important definitions that we need. For those unfamiliar with affine and Riemannian differential geometry, we suggest Abraham and Marsden [I] 
(t)%(c(t)).
(3) Y= 
I
Some important properties that will help characterize dynamic systems are accessibility and controllability. We will now discuss each property using a function called the symmetric product. 
Using Theorem 1, Lewis and Murray show that a rigid body in the plane is locally configuration accessible with two inputs; one of the inputs is a force, and the other can be an off-centered force or a torque. Thus, with these two inputs, the rigid body can reach an open set of local configurations staning from rest. Before we state the sufficient condition for Small Time Local Configuration Controllability (STLCC) of mechanical systems, the ability to reach a local neighborhood of configurations starting from rest, we define the notion of good and bad symmetric products. A symmetric product is bad if it contains an even number of each of the vector fields Y,:a = 1 I . . . , m ; otherwise a symmetric product is good. Lewis [I21 gives the sufficient condition for STLCC:
ever). bad symmetric product at q E Q is an W-linear combination of good products of lower degree at q, then S , is STLCC at q. Lewis [12] proves configuration controllability for the snakeboard [lo], a variation of the skateboard where the wheel directions can be changed and there is a rotor; that is, with input torques for the wheel directions and the rotor, the snakeboard can reach a local neighborhood of configurations starting from rest.
Configuration controllability is useful, but still planning for mechanical systems is difficult compared to planning for kinematic models. where q E Q arid 6" E R. In III-C, we will use this symmetry to derive the kinematic reduction for the Yaw model.
THE YAW MODEL
The Yaw model body is pivoted at its body center and has two masses, each m,, at its ends (see Fig. I ).
Each massless leg has an actuated hip joint and a point mass mi at the distal end. control vector fields, and D,, = Span{Yl:k2} is the space spanned by the input vector fields. The input vector fields indicate that the Yaw model is underactuated; this makes control difficult. Also, assuming zero system initial velocity, then the body must be stationary when the legs are stationary. Planning system trajectories using (8) is difficult, because of the velocity-related terms and the torque inputs; that is, there is no systematic analytic procedure to find torque inputs to achieve a given goal trajectory. We will see in Section N how to plan for the Yaw model using a kinematic representation.
A. Coilfrgurafion Accessibility
We will now show that the Yaw model is configu- The terms on the left side of (11) Since [X,,X,] # 0, we can use nonholonomic planning techniques to plan for the kinematic system in (12); thus, we have reduced planning for the mechanical system in (8) to a nonholonomic kinematic path planning problem for (12).
Further, we notice that if only one leg moves and the other is fixed, (I 1) can be integrated again, implying that there is a holonomic constraint on the Yaw model; then, the yaw configuration is specified just by the leg configuration and is independent of the path taken by the leg. Suppose, leg 2 is kept fixed at @2, and leg 1 is moved by A@, from z/2, the net body yaw is calculated using the holonomic constraint 
Iv. YAW MODEL MOTIOX PLANNING
The Yaw model kinematic reduction in 111-C is simple to plan paths for, since we require the following two leg motion patterns or gaits only, one a sinusoidal trajectory and the other a cubic spline trajectory. Each cycle of Gait 1 produces net body yaw due to the varying mass mauix (see [3] for intuitive thought experiments on net yaw produced by interleaved leg motions). Gait 2 produces body yaw, but if the leg returns to the start configuration, then the net body yaw is zero (see ID-D for more details).
Here is a motion planning algorithm for the Yaw model. Without loss of generality, we will assume that the legs start from the legs-up configuration. Let the goal configuration he qg = 1) Precompute body yaw a using (13) when moving leg 1 from n/2 to @, , using Gait 2 while keeping leg 2 fixed at n/2. Similarly, precompute body yaw 0 using (14) 3) Move leg 1 to e,, using Gait 2. Move leg 2 to @2g using Gait 2.
Once we compute the trajectories in the kinematic representation for each leg to achieve q,, we can track those trajectories in the mechanical system (8) using a simple propottional-derivative controller. For Gait 1, we set the leg velocities as follows: 
V. DISCUSSION
The key contribution of this paper is finding a kinematic reduction of a mechanical system by identifying the system symmetry. Once we deduce the kinematic equations, the planning and control for the mechanical system becomes intuitive. We have only discussed the procedure for the simple Yaw model: we hope this technique of using symmetries to develop kinematic reductions will lead us to a general strategy for understanding and finding motion primitives for complex systems such as the legless locomoting RRRobot [4] . Yaw rotations are a crucial component of RRRobot's locomotion, and, with a suitable choice of coordinates, RRRobot's Lagrangian is invariant to yaw rotations. Exploiting this symmetry and developing kinematic equations of motion for at least some of RRRobot's freedoms may help develop RRRobot motion primitives and help plan paths for RRRobot.
VI. CONCLUSION
We presented controllability and kinematic reduction for a variable inertia mechanical system with drift. We used the symmetry of angular momentum conservation to develop the kinematic representation. Future work will include developing reduced models for systems like RRRobot and generalize these techniques to automatically produce gaits.
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